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Abstract: Cosmic string networks offer one of the best prospects for detection of cos-
mological gravitational waves (GWs). The combined incoherent GW emission of a large
number of string loops leads to a stochastic GW background (SGWB), which encodes the
properties of the string network. In this paper we analyze the ability of the Laser Inter-
ferometer Space Antenna (LISA) to measure this background, considering leading models
of the string networks. We find that LISA will be able to probe cosmic strings with ten-
sions Gµ & O(10−17), improving by about 6 orders of magnitude current pulsar timing
arrays (PTA) constraints, and potentially 3 orders of magnitude with respect to expected
constraints from next generation PTA observatories. We include in our analysis possible
modifications of the SGWB spectrum due to different hypotheses regarding cosmic history
and the underlying physics of the string network. These include possible modifications in
the SGWB spectrum due to changes in the number of relativistic degrees of freedom in the
early Universe, the presence of a non-standard equation of state before the onset of radi-
ation domination, or changes to the network dynamics due to a string inter-commutation
probability less than unity. In the event of a detection, LISA’s frequency band is well-
positioned to probe such cosmic events. Our results constitute a thorough exploration of
the cosmic string science that will be accessible to LISA.
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1 Introduction
The direct detection of gravitational waves (GWs) by the LIGO and Virgo network [1–5]
marks the dawn of a new era in astronomy, opening a unique window with which to observe
the Universe. GWs carry invaluable information about the sources that created them —
which could be of astrophysical or cosmological origin — since they propagate unimpeded
through space. Gravitational waves therefore constitute one of the most promising new
messengers with which we can probe aspects of the Universe so far undetermined by other
means.
One of the main targets of GW experiments is the detection of a stochastic gravita-
tional wave background (SGWB) of cosmological origin. The most famous example of such
a SGWB is the quasi–scale invariant background from inflation, due to quantum fluctu-
ations [6–9]. This background is expected to be too small be to detectable by currently
planned GW observatories. However, if axion-type species are present during inflation, po-
tentially observable GWs can also be produced with a significant blue-tilt (see e.g. [10–21],
or [22] for a general discussion on GWs from inflation). Furthermore, post-inflationary,
early-universe phenomena can also generate GWs with a large amplitude, e.g. a kination-
dominated phase [23–27], particle production during preheating [28–35], oscillon dynam-
ics [36–40], strong first order phase transitions [41–47], or cosmic defect networks [48–54].
For a comprehensive review of SGWB signals of cosmological origin, see [55]. In this paper,
we focus on precisely one such cosmological source: cosmic strings. We investigate, in par-
ticular, the ability of the Laser Interferometer Space Antenna (LISA) [56] — which will be
the first GW observatory in space — to probe the SGWB emitted by a network of cosmic
strings.
Cosmic strings are stable topological defect solutions of field theories [57] which may
have formed in symmetry breaking phase transitions in the early Universe [58, 59]. Altern-
atively, they can be cosmologically stretched fundamental strings of String Theory, formed
for instance at the end of brane inflation [60, 61]. The energy per unit length of a string µ,
is of order η2, where η is a characteristic energy scale (for topological strings, the energy
scale of the phase transition). In the simplest cases, the string tension is also of order µ, and
strings are relativistic objects that typically move at a considerable fraction of the speed of
light. The combination of a high energy scale and a relativistic speed clearly indicates that
strings should be considered a natural source of GWs.
A network of strings formed in the early Universe emits GWs throughout the history of
the Universe, generating a SGWB from the superposition of many uncorrelated sources. In
this paper, we forecast the constraints that LISA may put on the dimensionless combination
Gµ (where G = 1/M2p is Newton’s constant, and Mp = 1.22× 1019 GeV the Planck mass),
which is related to the energy scale η through
Gµ ∼ 10−6
( η
1016 GeV
)2
, (1.1)
and which parametrizes the gravitational interactions of the string.
There are other ways one can hope to detect the presence of cosmic strings in the
Universe that do not directly involve the observation of the GWs they generate. In fact,
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several potential observational signatures of cosmic string networks have been discussed
in the literature, including anisotropies in Cosmic Microwave Background (CMB) [62–65],
lensing events [66, 67], and cosmic rays from the decay of strings into particle radiation [68–
76] (see [77–80] for a review). Currently, CMB data from the Planck Satellite [62] imply
Gµ < 10−7 for Nambu-Goto, Abelian-Higgs, and semi-local strings. The most stringent
bounds, however, come from searches for the SGWB, with pulsar timing arrays (PTA)
constraining Gµ for Nambu-Goto strings to be Gµ . 10−11 [81, 82], and LIGO-Virgo
observations constraining it to as low as Gµ < 2× 10−14, depending on the string network
model [83, 84]. In this paper we show that LISA will be sensitive to string tensions with
Gµ & 10−17 for Nambu-Goto strings, improving current upper bounds by ∼ 10 orders of
magnitude relative to CMB constraints, by ∼ 6 orders of magnitude relative to current
PTA constraints, and even by ∼3–4 orders of magnitude relative to future constraints from
next generation of PTA experiments.
Since the characteristic width δ ∼ 1/η of a cosmic string is generally much smaller
than the horizon, in this paper we mainly assume that strings can be described by the
Nambu-Goto (NG) action, which is the leading-order approximation when the curvature
scale of the strings is much larger than their thickness. We refer to such string as NG
strings. Furthermore, we mainly focus on string networks without junctions; comments on
cosmic superstring networks with junctions will be made in section 6.2.2. With the NG
action, one can study the evolution of a string network, from formation until the present
time. While the basic picture is simple — a string network is stretched by the cosmological
expansion, and the motion of strings leads to multiple interactions and collisions between
them — in practice, this is a complicated problem which has been studied in depth in the
literature. Perhaps the most important conclusion of these studies is that the cosmic string
network reaches an attractor scaling solution in which its energy density remains a fixed
fraction of the background energy density. One often assumes that when strings collide,
they always intercommute, i.e., that they always “exchange partners” and reconnect after a
collision.1 As a result, closed loops are formed when a string self-intersects or two curved
strings collide. Loops smaller than the horizon decouple from the cosmological evolution and
oscillate under their own tension, slowly decaying into GWs. Indeed, in flat spacetime, one
can show that loops have oscillating trajectories which are periodic in time. The relativistic
nature of these strings typically leads to the formation of cusps, namely points where the
string momentarily moves at the speed of light [85]. Moreover, the intersections of strings
will generate discontinuities on their tangent vector known as kinks. All loops will contain
kinks — either as a result of the intercommutation that produced them, or as historical
remnants of past intersections. Cusps and kinks generate gravitational wave bursts [50, 51],
and these play a significant role in the SGWB emitted by string networks. (One should note
that a complementary strategy to the detection of the stochastic background is therefore
to search for such individual transient signals, see [84, 86].)
Other than sub-horizon string loops, the network also contains long strings that that
1This corresponds to an intercommutation probability P = 1, which we mainly assume throughout this
paper. We comment briefly on P < 1, characteristic of cosmic superstrings, in section 6.2.
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stretch across a Hubble volume. These are either infinite or in the form of super-horizon
loops, and are also expected to emit GWs. However, the dominant contribution is gener-
ically that produced by the superposition of radiation from many sub-horizon loops along
each line of sight. Studying this SGWB and the possibility of observing it with the LISA
constellation [56] is the main focus of this paper. We argue that, even though the next round
of pulsar timing observations could improve the constraint on the cosmic string tension Gµ
in the near future, this will not continue for long. Future tightening of these constraints will
necessarily come from GW detectors operating in an intermediate frequency band. This is
precisely due to the fact that the GW background expected from strings at lower energy
scales will peak at these intermediate frequencies, which are out of reach of PTA experi-
ments. We therefore conclude that LISA is the ideal instrument with which to search for
cosmic strings in the future or, at the very least, to further improve constraints on cosmic
string scenarios.
The paper is organized as follows. In Section 2, we briefly review the basic methods and
relevant formulae with which to calculate the energy density spectrum of the SGWB emitted
by sub-horizon loops in an evolving network of cosmic strings. In Section 3, we present
different approaches developed in the literature to determine the loop number density,
which is a fundamental quantity in the determination the SGWB from any string network.
In section 4, we review the emission of GWs by individual strings, in particular the so-
called ‘loop power spectrum’ and the GW waveforms from bursts. These different results
are put together in Section 5, where we characterize the spectral shape of the SGWB from
a cosmic string network. We discuss different (potentially observable) features that can be
imprinted in the SGWB spectrum, such as the details of radiation-to-matter transition, the
number of relativistic degrees of freedom active during expansion, and the equation of state
in the early Universe. In Section 6, we analyze in detail the ability of LISA to measure the
spectrum of the SGWB from a network of cosmic strings, and in particular we determine
the parameter space that is compatible with a detection. Finally, in Section 7, we present
an overview of our results and state our conclusions.
2 The calculation of the SGWB from Cosmic Strings
Several studies in the literature have calculated the SGWB generated by an evolving cosmic
string network (see, e.g., [48, 54, 81, 82, 87–104]). This is often quantified in terms of the
fraction of the critical density in GWs per logarithmic interval of frequency,
Ωgw(t0, f) =
8piG
3H20
f
dρgw
df
(t0, f) , (2.1)
where H0 is the Hubble parameter, and
dρgw
df (t0, f) is the energy density in gravitational
waves per unit frequency f , observed today (at t = t0). The basic idea is that, given a
GW frequency today, one must add up the GW emission from all the loops throughout the
entire history of the Universe that contribute to that frequency. To do so, two different
and complementary approaches have been developed in the literature, and the aim of this
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section is to introduce both of them. (These two approaches are also discussed in more
detail in section 4.)
Before doing so, we introduce the basic ingredients common to the two approaches. The
first is the number density n(l, t) of non-self-intersecting, sub-horizon, cosmic string loops
of invariant length l at cosmic time t. These are the loops which, through their oscillations,
contribute to the SGWB. When the network is scaling — as it is in the radiation and
matter eras — n(l, t) can be estimated through different numerical and analytical techniques
(see section 3). Scaling, however, cannot be maintained during the radiation-to-matter
transition, but analytical estimates can nonetheless be extended to this regime.
The second ingredient is the loop power spectrum, namely the power Pgw(f, l) emitted
in GWs of frequency f by a cosmic string loop of length l. It is clear that individual loops
of a given length l will radiate in different ways according to their shape. Hence either one
can assume an average (or typical) gravitational loop power spectrum Pgw(f, l) determined
numerically from simulations; or one can focus on particular events on the strings (cusps
and kinks) for which Pgw(f, l) can be determined analytically.
2.1 Method I
Let us write the power Pgw(f, l) in units of Gµ2 and l as
Pgw(f, l) = Gµ
2l P (fl), (2.2)
where we have introduced a function P (fl) which in principle takes a different form for each
individual loop of length l, depending on its configuration. The first method to calculate
Ωgw(t0, f) assumes the existence of an averaged function, P (fl), computed from an ensemble
of loops of length l obtained from simulations. Then the energy density in GWs observed
at a particular frequency f today is obtained by adding the amount of energy produced at
each moment of cosmic evolution for loops of all sizes. On taking into account the redshift
of frequencies from the moment of emission until today, one finds
dρgw
df
(t0, f) = Gµ
2
∫ t0
0
dt
(
a(t)
a0
)3 ∫ ∞
0
dl l n(l, t) P
(
a0
a(t)
fl
)
, (2.3)
where a(t) is the scale factor which takes the value a0 today. In order to compute Ωgw(t0, f)
from Eqs. (2.1) and (2.3), one must specify the cosmological model, the number density of
loops n(l, t), and an average power spectrum P (fl). This approach has been followed in
e.g. [48, 54, 81, 87–91, 95–97, 100–103].
2.2 Method II
At high frequencies fl  1, Pgw(f, l) can be estimated analytically. Indeed, whatever
the shape of the loop, one can show that the gravitational waveform sourced by a loop is
dominated at high frequency by cusps, kinks, and kink-kink collisions. (See appendix A for
an overview of the Nambu-Goto equations and the precise definitions of cusps and kinks).
The form of Pgw(f, l) for these 3 types of events is discussed in section 4.
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Cusps, kinks, and kink-kink collisions emit short bursts of GWs. The contribution to
the SGWB from the superposition of the unresolved signals from these three types of events
is given by
dρgw
df
(t0, f) = f
2
∫ ∞
0
dz
∫ ∞
0
dl h2(f, z, l)
d2R(z, l)
dzdl
, (2.4)
where z is the redshift, h(f, z, l) is the amplitude of the Fourier transform of the trace of
the metric perturbation generated by each event, and d
2R(z,l)
dzdl denotes the event rate per
unit loop length and per unit redshift. This rate is directly proportional to n(l, t), and
therefore one must know the number density of loops. This approach has been considered
in refs. [82, 84, 92, 94, 98, 99, 104].
2.3 Cosmology
Finally, one must provide the details of the expansion history of the Universe. Unless
specified otherwise, we assume a standard flat ΛCDM model. The Hubble rate reads
H(z) = H0H(z), (2.5)
where
H(z) =
√
ΩΛ + Ωmat(1 + z)3 + ΩradG(z)(1 + z)4 , (2.6)
and we use Planck-2018 fiducial parameters [105],
H0 = 100h km/s/Mpc ,
h = 0.678 ,
Ωmat = 0.308 , (2.7)
Ωrad = 9.1476× 10−5 ,
ΩDE = 1− Ωmat − Ωrad .
The function G(z), which takes into account the effective number of degrees of freedom
g∗(z) and the effective number of entropic degrees of freedom gS(z), is given by [97]
G(z) = g∗(z)g
4/3
S (0)
g∗(0)g
4/3
S (z)
. (2.8)
Unless explicitly stated otherwise, we use the Standard Model numbers of degrees of freedom
as given by microMEGAS [106]. We also make use of the following functions to describe proper
distance
ϕr(z) =
∫ z
0
dz′
H(z′)dz (2.9)
and proper volume
ϕv(z) =
4piϕ2r(z)
(1 + z)3H(z) . (2.10)
We describe the imprint of the expansion history on the SGWB from cosmic string loops
in section 5.3. There we also discuss the effect of possible departures from this picture,
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including the impact of increasing the effective number of degrees of freedom in the early
Universe as well as the impact of an equation-of-state different than that during radiation
domination.
The following sections describe in detail the different ingredients which enter into the
calculation of the spectrum of gravitational waves.
3 String network modeling
We have mentioned earlier that one of the most important aspects of a cosmic string network
is its ability to reach a scaling solution. Analytical modelling as well as early cosmic
strings simulations demonstrated the approach of the long string network to this attractor
regime [107–109]. Loops, however, reach scaling over a longer time scale and therefore
larger simulations are need to attain this regime. It is only more recently that Nambu-Goto
simulations performed by two independent groups [110, 111] have shown the existence of a
population of scaling loops.
As outlined in section 2, in order to calculate the spectrum of GWs expected today,
a crucial input is the loop number density n(l, t) at all times t, since GWs are generated
throughout the history of the cosmic string network. In order to extrapolate results from
simulations, which run only over a finite time interval, to any moment in the history of the
network, the scaling of loops is crucial since it implies that
n(l, t) = t−4n(x) , (3.1)
where x = l/t is the ratio of the size of the loop to roughly the horizon scale.
In order to obtain n(l, t), one approach is to determine the loop production function
f(l, t) dl, namely the number density of non-self-intersecting loops of lengths between l and
l + dl produced per unit time, per unit volume, which in scaling satisfies
f(l, t) = t−5f(x) . (3.2)
The number density of non-self-intersecting loops is then obtained by solving the Boltzmann
equation for loops: loops are diluted with the expansion of the Universe, lose energy through
GWs, and are sourced by loops being chopped off the infinite string network as described
by f(l, t) dl.2 The loop number density can thus be computed by integrating the loop
production function
n(l, t) =
∫ t
ti
dt′f(l′, t′)
(
a(t′)
a(t)
)3
, (3.3)
where the effect of the expansion is explicitly seen through the dependence of the scale factor
a(t), and l′ (which is given below) contains information on the evolution of the length of
the loop due to its gravitational decay from the time of formation t′ to the observation time
2In principle loops could also collide with each other (to create larger, possibly self-intersecting, loops),
leading to a more involved Boltzmann equation, see [112]. Loops could also rejoin the infinite string network,
see [113, 114]. However, in [111], this effect was shown not to be significant for non-self-intersecting loops,
and we will neglect it here.
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t. More explicitly, assuming that, on average, the total power emitted by a loop is given by
ΓGµ2, where Γ is a dimensionless constant (independent of the size and shape of a loop),
then
l = l′ + ΓGµ (t′ − t) . (3.4)
(Namely, a loop with length l′ at time t′ has length l at time t > t′.) As we discuss in
more detail in later sections, the value of Γ is given by the sum of the GW power radiated
at all frequencies, and therefore generally one would expect it to depend on the shape of
the loop. However, following the estimates from simple loops [48, 115, 116] as well as the
results obtained from recent simulations [54], in this paper we take Γ = 50.
The scaling loop number density for a power law cosmology parametrized by a(t) ∼ tν
can be obtained by combining Eqs. (3.1)-(3.4). Changing variables from t′ to x′ = l/t′ one
finds [101]
n(x) =
[
1
(x+ ΓGµ)3(1−ν)+1
]∫ ∞
x
(
x′ + ΓGµ
)3(1−ν)
f(x′) dx′ , (3.5)
which can be easily computed once f(x) is given.3
Finally, we now relate f(l, t) — the loop production function for non-self-intersecting
loops — to the long string network with energy density ρ∞. If we assume that the pro-
duction of loops is the dominant energy loss mechanism of the long string network, then
[78]
dρ∞
dt
= −2H(1 + v¯2)ρ∞ − µ
∫ ∞
0
lf(l, t)dl , (3.6)
where H = a˙/a is the Hubble parameter and v¯ =
√〈v2〉 is the root-mean-squared (RMS)
velocity of the long strings strings. The first term in this equation describes the dilution of
the long string energy density in an expanding Universe, while the second, proportional to
the loop production function, takes into account the energy lost into loops. Loop production
is essential to achieve the linear scaling of long strings, see e.g. [78].
In remainder of this section, we review three expressions for the loop number density
n(l, t) which have been proposed in the literature for Nambu-Goto strings. Then, in section
3.4, we discuss the case of Abelian-Higgs string networks.
3.1 Model I: analytic approach
In the case of NG strings, the first expression for n(l, t) we consider is based on an analytic
approach, which was initially developed by Kibble in [118] and later extended in [91, 93, 95,
100]. Here, the basic idea is that the loops produced by the long string network are described
by a single free parameter (essentially the size of loops at formation), while eq. (3.6) is used
to determine the normalisation of the loop production function.
3In Eq. (3.3) we have assumed that t ti, meaning that the contribution from the loop distribution at
the initial time ti can be neglected, and this is also the reason for the infinite upper limit in (3.5). Note
that the Boltzmann equation may not always allow a scaling solution (see the analysis of [117], valid for all
t ≥ ti).
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As a first step in the determination of n(l, t), it is therefore necessary to have an
analytical handle on the evolution of the long string energy density ρ∞, and hence also of
the RMS velocity v¯ appearing in eq. (3.6). To do so, following [100], we use the successful
Velocity-dependent One-Scale (VOS) model [119, 120] since this not only describes the
scaling evolution of the long string network, but also its non-scaling evolution through the
radiation-matter transition.4 In terms of the characteristic length L ≡ (µ/ρ∞)1/2 — which
measures the average distance between long strings — and v¯, the VOS equations of motion
are [119, 120]
dv¯
dt
=
(
1− v¯2) [k(v¯)
L
− 2Hv¯
]
, (3.7)
dL
dt
=
(
1 + v¯2
)
HL+
c˜
2
v¯ , (3.8)
where the constant phenomological parameter c˜ quantifies the efficiency of the loop-chopping
mechanism. Indeed, since eq. (3.8) is simply eq. (3.6) rewritten in terms of L, it follows
that
c˜v¯
ρ∞
L
= µ
∫ ∞
0
lf(l, t)dl . (3.9)
In eq. (3.7), the function k(v¯) phenomenologically accounts for the effects of small-scale
structure (namely, multiple kinks) on long strings, and we use the ansatz proposed in [120]
k(v¯) =
2
√
2
pi
(
1− v¯2) (1 + 2√2v¯3) 1− 8v¯6
1 + 8v¯6
, (3.10)
which reproduces the expected asymptotic behaviour of k(v¯) both in the relativistic and
non-relativistic limits. The linear scaling of the long string network in the radiation- and
matter-dominated backgrounds follows directly from eqs. (3.7)-(3.8) since the particular
solutions
L
t
=
√
k(v¯)(k(v¯) + c˜)
4ν(1− ν) ≡ ξs with v¯ =
√(
k(v¯)
k(v¯) + c˜
)(
1− ν
ν
)
≡ v¯s , (3.11)
where the subscript s stands for ‘scaling’, are attractor solutions of these equations for
a ∝ tν and 0 < ν < 1. More generally, eqs. (3.7)-(3.8) can be solved throughout any
cosmological era, including the radiation-to-matter and matter-to-dark-energy transitions,
and hence one can trace the evolution of cosmic string networks in a realistic cosmological
background [100]. We note that although the VOS model only treats small-scale structure
phenomenologically through k(v¯), eqs. (3.7,3.8) were shown to provide an accurate descrip-
tion of the long string network evolution in both Nambu-Goto [121] and Abelian-Higgs [122]
4Here we reformulate the results presented in the original papers, in an attempt to unify our notation
across the present paper.
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simulations.5 In the NG case, taking c˜ = 0.23 ± 0.04 fits both radiation and matter era
simulations [120]. (Note that c˜ is the only free parameter in the VOS model.)
The second step is to relate the loop production function to the long string network as
described by the VOS model. Let us define ξ ≡ L(t)t and, as before, x ≡ lt . Then, in terms
of these variables, it follows from eq. (3.6) (or alternatively eqs. (3.8) and (3.9)) that the
loop production function satisfies∫ ∞
0
xf(x) dx =
2
ξ2
[
1− ν(1 + v¯2)] = c˜ v¯
ξ3
. (3.12)
We now make the following assumption, characteristic of this model I: throughout cosmic
history, all loops are assumed to be created with a length l that is a fixed fraction of the
characteristic length of the long string network, namely l = αLL, with αL < 1. Thus
f(x) = C˜δ(x− αLξ) , (3.13)
where from eq. (3.12)
C˜ =
c˜
αL
v¯
ξ4
(3.14)
with v¯ and ξ = L/t being the solutions of the VOS equations (3.7)-(3.8). In fact, for reasons
we now explain, we will consider a slightly modified form of f(x), see (3.15) below. Indeed,
note that the value of C˜ given in (3.14) is in fact an upper limit, since eq. (3.12) does not
capture the fact that some of the energy from the long string network goes into redshifting
of the peculiar velocities of loops: we account for this by introducing a reduction of the
energy of loops by a factor of fr ∼
√
2 [78]. Furthermore, the assumption that all loops are
created with exactly the same size is not expected to capture the true distribution of loop
lengths at formation. The effect of relaxing this assumption was studied in ref. [95], where
it was found that considering a distribution of lengths generally leads to a decrease of the
amplitude of the SGWB. To account for this effect, we introduce a second factor, F , which
in ref. [101] was estimated to be O(0.1) for Nambu-Goto strings. Taking these correction
factors into account, we rewrite the loop production function in (3.13) as
f(x) =
(F
fr
)
C˜δ (x− αLξ) ≡ A δ (x− αLξ) . (3.15)
We stress that this expression is valid throughout cosmic history, even when the cos-
mic string network is not in a linear scaling regime (in this case x and C˜ will be time-
5Several other analytical models, using more than one length scale, have been developed in an attempt
to provide a description of a cosmic string network including small scales [123–126]. These models can
describe, in particular, the effects of gravitational radiation and gravitational backreaction. They generally
contain a larger number of phenomenological parameters, and clearly the one describing the strength of
gravitational backreaction cannot be calibrated with simulations (since simulations do not include gravita-
tional backreaction). For an impact of the effect of gravitational backreaction on cosmic string dynamics,
see ref. [127].
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dependent).6 Note also that since the length of a loop decreases with time due to gravita-
tional radiation, see (3.4), the maximum size of loops in this model is l/t = αLξ.
The third and final step is to substitute eq. (3.15) into eq. (3.3) in order to obtain
the loop number density n(l, t) for all times, including during the radiation-to-matter and
matter-to-dark-energy transitions. Note that this in general requires solving the VOS equa-
tions (3.8) and (3.9). However, deep in the radiation era (ν = 1/2), the long string network
is scaling and described by the VOS solutions (3.11), namely ξr = 0.271 and vr = 0.662,
hence it follows that the loop distribution is given by
nr(x) =
Ar
α
(α+ ΓGµ)3/2
(x+ ΓGµ)5/2
, (3.16)
with Ar = 0.54 (we fix F = 0.1, fr =
√
2), and where we have defined α = αLξr. As noted
above, this expression is only valid for x ≤ α. In a matter-only universe (ν = 2/3), the
VOS scaling solutions (3.11) give ξm = 0.625 and vm = 0.583 and the loop distribution is
nm(x) =
Am
αm
αm + ΓGµ
(x+ ΓGµ)2
, (3.17)
where αm = αLξm, Am = 0.039 and x ≤ αm.
In section 5.2, we use this analytical approach to estimate the effect of the radiation-
to-matter transition on the GW spectrum in the LISA frequency band. In order to ease
comparison with other loop distributions — to which we now turn — our results will be
expressed in terms of α = αLξr (and not the more natural parameter of this model, namely
αL). Furthermore, we also explore the effect of changing the loop size at formation, through
α, in section 6.2.1.
3.2 Model II: simulation-inferred model of Blanco-Pillado, Olum, Shlaer (BOS)
The second loop number density distribution n(l, t) we consider was discussed in refs. [101,
111]. There the authors performed NG simulations of cosmic string networks in the radiation
and matter eras, and obtained the loop production functions for non-self-intersecting loops
directly from these simulations. We now review these results and present the corresponding
loop number density distributions in different cosmological eras.
3.2.1 Radiation era
In the radiation era, the results of ref. [101] together with eq. (3.5), lead to the following
scaling number density of loops
nr(x) =
0.18
(x+ ΓGµ)5/2
, (3.18)
6Note that in the radiation era, the choice l = αLL is equivalent to assuming that l = αt, with α = αLξr
(where ξr is given in eq. (3.11) with ν = 1/2). In [111] the length of the loops produced in radiation and
matter era simulations is estimated to be, respectively, lr = 0.1t ' 0.33Lr and lm = 0.18t ' 0.35Lm. These
values are well-described by a single value of αL (more so than by a single value of l/t).
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with a cutoff at the maximum size of a loop, x ≡ l/t = 0.1. It then follows from (3.1) that
the number density of loops in physical units reads
nr(l, t) =
0.18
t3/2 (l + ΓGµt)5/2
, (3.19)
with l ≤ 0.1t. In ref. [101], the form of the loop production function was found numerically.
It is not exactly a δ-function, as assumed in Model I, however, in [101] the precise form of
the loop production function was argued not to be important, since for any function that
respects the equation of energy balance given by eq. (3.12), the final form of the number
density is universal. Hence one may argue that the most important piece of information
from the simulation is the normalization factor of the loop number density in (3.18).
Comparing eq. (3.18) with eq. (3.16) shows the same power-law behaviour in the de-
nominator, and furthermore fixing α = 0.1 (the maximum size of loops in these radiation-era
numerical simulations), the normalization of eq. (3.16) yields 0.17 in the numerator, which
is in good agreement with eq. (3.18).
3.2.2 Matter era
The scaling distribution of loops from the radiation era survive past radiation-matter equal-
ity. The resulting number density of loops can be written in terms of the radiation density,
Ωrad, and redshift z as
nr,m(l, t) =
0.18
(
2
√
Ωrad
)3/2
(l + ΓGµt)5/2
(1 + z)3 , (3.20)
where t(z). This matches the previous expression (3.19) deep in the radiation era, and has
the correct redshifting behaviour in the matter era.
Finally, loops are also produced once the network reaches scaling in the matter era.
Following the results in ref. [101], the corresponding loop distribution is given by
nm(l, t) =
0.27− 0.45(l/t)0.31
t2(l + ΓGµt)2
(3.21)
for l/t < 0.18. However, as we shall see in section 5, for the values of the string tension
Gµ . 10−10 of relevance to LISA, the contribution of this population of loops to the SGWB
is in fact negligible relative to (3.19) and (3.20).
To summarise, in order to calculate the SGWB generated by cosmic string loops de-
scribed by model II, eqs. (3.18-3.21) contain all the necessary information on the number
density of loops at all times, from the formation of the cosmic string network until now.
3.3 Model III: simulation-inferred model of Lorenz, Ringeval, Sakellariadou
(LRS)
The final loop distribution we consider is that developed in [128] and based on a different
NG string simulation to model II, namely [110]. Furthermore, as opposed to ref. [101],
the loop production function is not the quantity inferred from the simulation: rather, the
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authors [110] extract directly the distribution of non-self-intersecting scaling loops from
their simulation. On scales x ΓGµ they find7
n(x) =
C0
xp
for x ΓGµ , (3.22)
where the values of the two constants C0 and p in the radiation and matter eras are
p = 2.60+0.21−0.15
∣∣
r
, p = 2.41+0.08−0.07
∣∣
m
, (3.23)
C0 = 0.21
−0.12
+0.13
∣∣
r
, C0 = 0.09
−0.03
+0.03
∣∣
m
. (3.24)
Compared with eq. (3.18), the radiation era solution has a similar amplitude but the power
p appears somewhat greater that 5/2, with the indicated error bars. The power in the
matter era differs than the one of Model II.
In order to extend the loop distribution (3.22) down to smaller scales, the authors of
[128] solve the Boltzmann equation described in sec. 3, using a loop production function
which itself is theoretically derived. Indeed, following the analytical work of Polchinski,
Rocha and collaborators [129–131], it is modelled by a power law f(x) ∝ x2χ−3 for x > xc.
Here xc  ΓGµ is a scale characteristic of gravitational backreaction, and was estimated
in ref. [130] to be given by
xc ≡ 20(Gµ)1+2χ. (3.25)
The scaling loop distribution n(x) ∀x is then obtained8 by substituting f(x) ∝ x2χ−3 into
equation (3.5), and finally the constant χ is fixed by comparing the resulting distribution
on scales x ΓGµ to the numerically obtained distribution eq. (3.22). One finds [128]9
χr = 0.200
+0.07
−0.10 , χm = 0.295
+0.03
−0.04 . (3.26)
These values, together with Eq. (3.24), fix all the parameters in the loop distribution ∀x.
The resulting distribution is given in ref. [128]. In our analysis below, we have worked
with the exact distribution given in that reference, but it is useful to present its approximate
analytic form in the different regimes of loop length assuming scaling:
• For loops with length scale large compared to xd ≡ ΓGµ:
n(x xd) ' C
(x+ xd)3−2χ
, (3.27)
• For loops with length scale smaller than xd, but larger than xc:
n(xc < x xd) ' C(3ν − 2χ− 1)
2− 2χ
1
xd
1
x2(1−χ)
, (3.28)
• For loops with length scale smaller than xc, the distribution is flat:
n(x xc  xd) ' C(3ν − 2χ− 1)
2− 2χ
1
x
2(1−χ)
c
1
xd
. (3.29)
7NG simulations do not include gravitational radiation, for which the characteristic scale is ΓGµ
8As shown in ref. [128], the form of the loop production function on smaller scales than xc is essentially
unimportant to the final loop distribution.
9In ref. [128], it is assumed that χ < (3ν − 1)/2; see ref. [117] for an analysis in the case χ ≥ (3ν − 1)/2.
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In the above,
C = C0(1− ν)2−p . (3.30)
Relative to the BOS distribution, notice that the distribution in eq. (3.29) contains
many more small loops (due to the inverse power of xc which is itself very small). In fact,
these small loops dominate the stochastic GW spectrum at high frequencies, as was already
discussed in ref. [84], and hence can lead to very different constraints on Gµ to that of the
BOS model in the high frequency regime. Indeed, the energy density in these small loops is
very large, so the question of energy balance between the long string network and the loop
distribution — at least as described by eq. (3.6) (with caveats mentioned in footnote 3) —
remains to be fully understood.
3.4 Abelian-Higgs field theory simulations
So far we have focused on Nambu-Goto strings which are infinitely thin. However, as
mentioned in the introduction, cosmic strings are solitonic solutions of classical field theory
models [57] which means that, in principle, they can decay not only by releasing energy into
gravitational waves but also directly into excitations of their elementary constituents. For
this reason, a number of authors have simulated cosmic strings in different field theories.
In this short section we review this work and the implications it may have for the loop-
distribution n(l, t).
In ref. [132] global (axionic) strings were studied and it was shown that decay into
elementary constituents indeed takes place, in this case due to the coupling with the massless
Goldstone mode present in the vacuum of the theory. For local strings with no long-
range interactions (and which, in the infinitely thin limit, are expected to be described
by the NG action), the excitations in the vacuum are massive, and hence the expectation
is that this radiation will be suppressed for long wavelength modes of the strings. This
expectation is supported by simulations of individual oscillating strings [121] and standing
waves [133], which observe that massive particle radiation originates in high curvature
regions of the string, e.g., in cusp-like regions where the string doubles back on itself [134].
These simulations also support the fact that, except for the short bursts of energy, the
strings evolve according to the Nambu-Goto equations of motion. Furthermore, recent
simulations of individual loops in the Abelian-Higgs model [135] report that, for loops
smaller than a critical length scale, the lifetimes of loops scale with the square of their
lengths. Extrapolating their results to large loops, these authors conclude that for loops
larger than the critical length scale, GW emission is expected to dominate over particle
emission [135].
In contrast, large-scale field theory (FT) simulations of the whole network of strings [136–
139] observe that the network of infinite strings reaches a scaling regime, thanks to energy
loss into classical radiation of the scalar and gauge fields of the Abelian Higgs model.
These large-scale simulations of cosmic string networks are therefore in disagreement with
the above massive radiation arguments: they show the presence of extensive massive radi-
ation being emitted, and so loops formed in these simulations decay within a Hubble time.
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This intriguing discrepancy has been under debate for the last ∼ 20 years, but the origin
of this radiation is not currently understood.
The similarities and differences between FT and NG simulations of string networks can
then be summarized as follows: the infinite strings are rather similar in curvature radius and
length density, but loops decay into field modes in the FT simulations. In FT simulations
the strings’ energy density goes into massive modes of the fields, which are not part of the
string network anymore. As a consequence, the string loops decay within a Hubble time,
and hence do not contribute as a source of GWs all through cosmic history. In the Nambu-
Goto picture, this channel does not exist, and instead the energy of the infinite strings goes
into loops, which then decay into gravitational radiation.
Our analysis in this paper is based on the NG classical evolution of strings. Hence
we assume, as supported by NG simulations, that loops are formed throughout cosmic
history, and they decay into GWs, as we describe in section 4. Our conclusions about the
ability of LISA to measure a GW background from cosmic strings is therefore based on this
fundamental assumption.
4 Gravitational wave emission from strings
As outlined in section 2, a crucial input into the calculation of the SGWB from cosmic
strings is the loop power spectrum Pgw(f, l) (see Method I of section 2.1). Alternatively
(for method II, section 2.2), one requires both h(f, z, l) and d2R(z, l)/dzdl. Our purpose
in this section is to determine these crucial quantities. We also discuss the possibility of
detecting individual burst events from loops, as well the contribution of long strings to the
SGWB.
4.1 GW loop power spectrum
The power lost into gravitational radiation by an isolated loop of length l can be calculated
using the standard formulae in the weak gravity regime [140]. As a first approximation,
we assume that the loop evolves in flat space, meaning that its evolution is periodic and
radiation is only emitted at discrete frequencies, ωn = 2pin/T , where T = l/2 is the period
of the loop, and n = 1, 2, . . .. Then the power emitted at frequency ωn per solid angle is
given by [115, 141]
dPn
dΩ
= 8piGµ2n2
(|A+|2 + |A×|2) , (4.1)
where A+,× are the amplitudes of the two gravitational wave polarizations. In a coordinate
system in which Ωˆ = zˆ, they are given by
A+ = I
+
x I
−
x − I+y I−y , (4.2a)
A× = I+x I
−
y + I
+
y I
−
x (4.2b)
where the I±’s are functions of the mode number n, and are related to the Fourier transform
of the stress-energy tensor of the string. (The ± refer to the fact that the solutions of the NG
equations in flat space are a superposition of left and right-moving waves, see appendix A,
where we also give the explicit expressions of I± in terms of these solutions.) These I±
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functions therefore encode the information about the geometric shape of the loop over its
entire oscillation. Integration of eq. (4.1) over the sphere around the loop yields the power,
Pn, emitted in each mode for a particular loop. If the loop contains cusps, kinks, and kink-
kink collisions, then one can show generically that for large n, Pn scales as n−4/3, n−5/3, and
n−2 respectively [48, 142]. It is important to stress that the gravitational radiation from
loops is quite anisotropic: for cusps, most of the radiation at high frequencies is localized
within a small solid angle surrounding the cusp direction; for kinks, the radiation is emitted
in a narrow strip on the celestial sphere around the loop (see section 4.2 below).
The procedure outlined above has been used to calculate the power spectrum of certain
simple analytic solutions of loops with a small number of harmonics [48, 115, 116]. The
results are in general agreement with the analytic estimates from cusps and kinks given
above. However, in order to calculate the stochastic gravitational wave spectrum from the
whole network of loops, we need to estimate an averaged loop power spectrum, since different
loops of different shapes (but same l) may have quite distinct power spectra. One approach
is to consider realistic loops obtained from a simulation. Furthermore, one could aim to
go beyond the first approximation mentioned above (namely that the loop evolves in flat
space), and consider how the shape of a loop changes due to the emission of gravitational
radiation: that is, gravitational backreaction may be important to determine an accurate
average power spectrum of loops.
The effect of gravitational backreaction on the average loop power spectrum was first
considered in ref. [54]. Starting from a representative group of ∼ 1000 non-self-intersecting
loops from a population of scaling loops in a large scale simulation, a simple toy model
for backreaction was applied (the loops were smoothed at different scales), and finally the
average power spectrum of the full family of loops was computed. The resulting spectrum
— which we denote as the BOS spectrum — was found to be quite smooth, with a long
tail well-described by n−4/3, namely the high frequency region was dominated by cusps
present on the smooth loops. Furthermore, the distribution of results for the total power,
Γ =
∑∞
n=1 Pn, for those loops was found to be highly peaked at Γ ≈ 50. It is clear,
however, that there is still some uncertainty in the accuracy of this power spectrum, since
the smoothing procedure used in ref. [143] only shares some of the key ingredients found
in the results of recent studies of the gravitational backreaction [144–147]. These latter
results indicate that some parts of the power spectrum could be affected differently by
more realistic backreaction.
In the following, we also consider the simple averaged loop power spectra that are
determined exclusively from the frequency dependence of specific events (cusp, kinks and
kink-kink collisions), namely
Pn =
Γ
ζ(q)
n−q , (4.3)
where ζ(q) is the Riemann zeta function, introduced as a normalization factor to enforce
the total power of the loop to be equal to Γ =
∑
n Pn. The parameter q takes the values
4/3, 5/3, or 2 depending on whether the emission is dominated by cusps, kinks or kink-kink
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collision respectively.10 The sensitivity of the final SGWB to the value of q will give us an
indication of the robustness of our results relative to the uncertainty on Pn.
In terms of this average power spectrum Pn, Method I of section 2.1 yields the stochastic
gravitational wave background as [54]
Ωgw(ln f) =
8piG2µ2f
3H20
∞∑
n=1
Cn(f)Pn , (4.4)
where
Cn(f) =
2n
f2
∫ ∞
0
dz
H(z)(1 + z)6
n
(
2n
(1 + z)f
, t(z)
)
, (4.5)
which depends on the loop distribution through n
(
2n
(1+z)f , t(z)
)
, and on the assumed cos-
mological background through H(z) and t(z). As seen in section 3, the number density of
loops depends on the total power Γ, and hence for consistency it is important to ensure
that the average loop power spectrum is properly normalized.
4.2 GW waveforms from bursts
As described in section 2.2, an alternative method to compute the SGWB from strings is
to consider the incoherent superposition of many bursts of from cusps, kinks and kink-kink
collisions. The logarithmic Fourier transform of the corresponding waveforms from these
individual events was calculated in ref. [50, 51, 142]:
h(l, z, f) = Aq(l, z)f
−q , (4.6)
where
Aq(l, z) = g
(q)
1
GµH0l
2−q
(1 + z)q−1ϕr(z)
. (4.7)
Here l is the length of the loop at redshift z at which this particular event takes place,
ϕr(z) is a measure of the proper distance from the observer to the source (cf. (2.9) in
section 2.3), and as before q = 4/3, 5/3 and 2, for cusps, kinks and kink-kink collisions,
respectively. The numerical constant g(q)1 accounts for the fact that not all cusps and
kinks are identical (different cusps/kinks will have different geometry/sharpness), and this
modulates the strength of the GW burst.
As mentioned above, cusps and kinks radiate non-isotropically meaning that the above
waveform is only valid for directions near the cusp or kink direction, and it should be cutoff
on angles larger than [50, 51]
θcutoff(l, z, f) =
(
1
g2f(1 + z)l
)1/3
, (4.8)
10This power spectrum should be understood as a discrete set of numbers that represent the power at
each mode. We take this spectrum as it is, but we should bear in mind that this may not be a good
approximation at low harmonics, where the structure of the entire loop becomes important.
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where g2 =
√
3
4 . On taking into account the geometry of this beaming effect, the fraction
∆(l, z, f) of observable bursts from cusps, kinks and kink-kink collisions is given by [94]
∆(l, z, f) =
(
θcutoff(l, z, f)
2
)3(2−q)
Θ(1− θcutoff(l, z, f)) . (4.9)
The rate of bursts, which is required for the calculation of the SGWB with method II (see
eqn.(2.4)), is then given by [94]
d2R(z, l)
dzdl
= 2ϕv(z) H
−3
0
(
n(l, t(z))
l(1 + z)
)
∆(l, z, f) , (4.10)
where ϕv(z) given in eq. (2.10).
Finally we can collect these results together, and insert eqs. (4.6) and (4.10) into
eq. (2.4) to find that the SGWB from Method II for a given type of burst to be given
by
Ωgw(ln f) =
(
g
(q)
1
)2
g−2+q2
25−3q
2Nq(Gµ)
2(2pif)3
3H30
∫ ∞
0
dx
∫ ∞
zmin(x,f)
dz
(ft(z))−2−q
(1 + z)4+q
x1−q
H0
H(z)
n(x) ,
(4.11)
where Nq is the average number of bursts per oscillation in a loop, and zmin(x, f) is the
solution to θcutoff(l, zmin, f) = 1.
Determining the average number of cusps and kinks for the loop network is a very
non-trivial task and the subject of ongoing work, and given this uncertainty it is common
to take Nc = Nk = O(1). However, one can also consider a situation in which there will
be contributions from all these types of events [82, 84, 104], namely Nc number of cusps,
Nk kinks and Nkk number of kink-kink collisions (with Nkk = N2k/4, on assuming that
there are equal numbers of left- and right-going kinks). We then impose that the sum of
all these events to the averaged total power of the loop, Γ, is equal to the value used in
the expression for the loop number density11. The resulting constraint between the set of
parameters g(q)1 , g2, Nc, Nk and Γ is given in appendix A.
Before presenting the results of the SGWB for the three loop distributions of section
5, we finish this section by commenting on two important issues: the separation of strong
infrequent bursts from the SGWB; and the potential contribution (which we have not
discussed until now) of GWs being emitted by the long string network.
4.3 Strong infrequent bursts
The superposition of GW bursts from many cusps and/or kinks, as calculated in section
4.2, leads to a Gaussian stochastic background of GWs [55]. However, strong infrequent
bursts observed with a time interval greater than the period of GWs ∼ 1/f (∼ 102−103s for
LISA) exhibit a non-Gaussian discontinuous signal, often referred to as “popcorn-like” [148].
Typically, these are bursts from low redshift, z  1. If a burst occurs in our neighborhood
11This is basically the same type of condition used to impose the normalization of the loop power spectrum
in eq. (4.3).
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and the amplitude is strong enough, then the signal can be identified individually by the
burst detection pipeline.
The non-Gaussian background from infrequent bursts is typically expected to be above
the Gaussian background when strings have large tension and small initial loop size (e.g.,
Gµ ∼ 10−6 and α ∼ 10−11 for LISA [148]). Infrequent bursts are negligible for strings
satisfying the current pulsar timing limit Gµ < 10−11. We should therefore supplement,
in principle, the expression for the SGWB calculation with a correction that suppresses
the contribution from infrequent bursts. However, in practice, we have found that for large
initial loop sizes, removing the rare burst has practically no effect on the present-day SGWB
spectrum (see also [54, 92, 94, 97]), at least when the number of cusps and kinks per loop
oscillation period is O(1).
An interesting possibility is that the number of infrequent strong bursts could be greatly
enhanced if we consider clustering of loops inside the dark-matter halo of our galaxy. This
would mean that the loop number density could be enhanced by several orders of magnitude
at the Sun’s position greatly improving the detectability of single-burst events in LISA for
Gµ < 10−11 [149]. It has also been shown recently using numerical relativity simulations
that, for certain configurations, very small loops can emit GW bursts by collapsing to form
black holes [150]. These are interesting proposals, but we do not discuss them further here,
as they go beyond the scope of this paper, where we focus on the SGWB from a string
network.
4.4 Gravitational wave emission from long strings
So far we have exclusively focused on the GW signal emitted from sub-horizon string loops.
However, long strings (infinite and super-horizon loops) also emit GWs. One contribution to
this signal is characterized by GWs emitted around the horizon scale at each time t, sourced
by the anisotropic stress of the network [53, 151–153]. This background is actually expected
to be emitted by any network of cosmic defects in scaling, independently of the topology
and origin of the defects [53], and hence represents an irreducible background generated
by any type of viable defect network that has reached scaling. However, in the case of
NG cosmic string networks, this background represents a sub-dominant signal compared to
the GW background emitted from the loops. In the case of field-theory strings (for which
simulations to date indicate the absence of “stable” loops), it is instead the only GW signal
(and hence the dominant one) emitted by the network.
The GW energy density spectrum of this secondary background produced by long
strings is predicted to be exactly scale-invariant for the modes emitted during radiation
domination [53]. At the level of the power spectrum, this background mimics therefore the
spectral shape of the dominant signal from the loop decay (see discussion in section 5.1),
except with a much smaller amplitude. Even though the shape of the power spectrum of
this irreducible GW background is well understood theoretically, its ultimate amplitude
depends on the fine details of the so called unequal-time-correlator of the network’s energy-
momentum tensor. Unfortunately, this correlator can only be obtained accurately from
sufficiently fine lattice simulations of defect networks. It is therefore difficult to assess at
this point whether this background can be detectable with LISA. In the case of global
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defects, the scale-invariant GW power spectrum has been estimated in ref. [152, 153]. The
amplitude of the spectral plateau has been calibrated in lattice field theory simulations for
global strings12 as [53]
h2Ωgw ' 4× 104 h2Ωrad(Gµ)2 . (4.12)
Even though the numerical prefactor is much larger than unity, the quadratic scaling pro-
portional to (Gµ)2 suppresses significantly this background (see e.g. [154] for a comparison
of this amplitude and that of the GW signal emitted from the decay of Nambu-Goto string
loops during RD). This amplitude is clearly subdominant when compared to the amplitude
of the dominant GW signal from the loops, which scales as (Gµ)1/2 (see eq. (5.2) and the
discussion in section 5.1.1). A proper assessment of the ability of LISA to detect the power
spectrum of this stochastic background requires further results not available yet; namely,
lattice simulations of cosmic networks with a larger dynamical range.
One can also consider the contribution to the GW spectrum coming from the accumu-
lation of small-scale structure on long strings. These kinks are the product of the multiple
intercommutations that infinite strings suffer over the course of their cosmological evolu-
tion, and were noticed early on in numerical simulation of cosmic networks [107, 155]. The
emission of GW from individual infinite strings modulated by kinks has been calculated in
refs. [49, 156]. Using these results, one can also compute the spectrum produced by these
kinks on a network assuming the simple model in which their characteristic scale is given
by αt. At high frequencies one can then estimate that the radiation-era plateau of this
contribution should be [78]
h2Ωgw ' 128pi
2
3ξ2α
h2Ωrad(Gµ)
2 , (4.13)
which for α ≈ 0.1 and ξr = 0.271 shows a rough agreement with the value obtained from
field theory simulations. On the other hand, recently, ref. [157] has calculated the GW
spectrum produced by kink-kink collisions on long strings, and found that the amplitude
is larger than in previous estimates. This is because the characteristic scale α turns out to
be much smaller than 0.1 according to their semi-analytic estimation of the kink number
distribution.
As all these backgrounds are clearly sub-dominant against the SGWB from loops, we
will not consider them in the following analysis of the paper (except for a brief discussion
of the bispectrum in section 6.3).
5 Spectrum of the SGWB from cosmic string loops
As discussed above, a string network evolves towards a scaling solution in which its energy
density is simply proportional to the total background energy density Ω∞ ∝ Gµ Ωtot. The
string network constantly produces loops which then emit GWs, and follow the background
expansion instead of simply redshifting (which would correspond to Ω∞ ∝ a−2 for static
12In the more interesting case of Abelian-Higgs lattice field theory simulations, there is unfortunately no
quantification of the amplitude of this background.
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infinite strings). This continuous emission and tracking with expansion makes cosmic strings
a perfect source for probing the expansion history of the Universe. In fact, in this section
we show that all features visible in a stochastic GW frequency spectrum can be traced to
a corresponding characteristic period in the evolution of the Universe.
We start our analysis by determining the basic shape of the SGWB spectrum over
many decades in frequency, once a given loop number density distribution is chosen. We
then study the impact of loops created relatively recently, that is, during the radiation-
to-matter transition. Finally, we characterize the impact of extra degrees of freedom and
other possible modifications of the equation of state in the very early Universe.
5.1 Basic spectral shape
The expressions given in eqs. (4.4) and (4.11) can be used to compute the SGWB. In
the following, we set Γ = 50 and we use Method I (eq. (4.4)) to generate several SGWB
spectra for different values of Gµ. To illustrate our main points, we first take the loop
number density from Model II and the loop power spectrum denoted by BOS in section
4.1: the results are shown in figure 1. In figure 2 on the other hand, we use the loop
number density from Model III and a monochromatic spectrum of cusps only (q = 4/3).
The difference between these results for the same value of Gµ comes almost entirely from
the different loop number density of small loops in these models, as discussed in section 3.3.
These figures plot the SGWB for a set of representative values of Gµ together with
the current sensitivity curves for EPTA pulsar timing collaboration [158], as well as the
projected curves for the SKA [159] and LISA [56] collaborations. In particular, we show
the spectrum of Gµ = 10−10 as being the order of the bound on the string tension coming
from current observations of pulsar timing arrays (PTAs). This bound should be improved
in the next few years. However, as the limit on Ωgw becomes stronger and one probes lower
values of the tension, one can see that the peak of the SGWBmoves towards high frequencies
and outside of the PTA frequency bands. This makes future bounds less strong than one
would have thought because the PTA frequency band will then be at the steep section of the
SGWB curve. Eventually, the SKA collaboration will become more competitive, potentially
setting a bound of Gµ = 2× 10−13, three orders of magnitude stronger than current PTA
constraints.
An important point to make here is that if any of these observations detect a SGWB, one
will probably have to wait for LISA before one can elucidate the origin of such background.
It is therefore interesting to see that if Gµ is in the range of values accessible by PTA
experiments, the higher-frequency part of the SGWB signal will be well within LISA’s
sensitivity curve. The spectrum for Gµ = 10−13 in figure 1 shows how such a curve might
appear in LISA.
Looking at the curves for Gµ = 10−15 and 10−17 in figure 1, it is clear that for lower
string tensions, PTA-type experiments become irrelevant for detecting a background and
at this level LISA becomes the right instrument to probe these light strings [81]. The
“bump” of the SGWB will pass directly through the LISA sensitivity band, as shown for
Gµ = 10−15, and Gµ = 10−17 is the order of the lower bound on tension that LISA will set.
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Figure 1. Cosmic string SGWB curves (all in red) near various relevant values of Gµ. The dashed
orange curve is the EPTA sensitivity, and the darkest red curve just below is for Gµ = 10−10. The
dash-dotted dark orange curve is the (projected) SKA sensitivity, and the dark red curve just below
is for Gµ = 10−13. The dotted black curve is the LISA PLS; the red curve whose peak passes
through it, and the light red curve just below, are for Gµ = 10−15 and 10−17 respectively. The Pn
are inferred from simulation [54], and the loop number density is from Model II.
5.1.1 The high frequency regime
As we can see from the SGWB curves shown in figure 1, the spectrum becomes flat at very
high frequencies. This can be understood analytically using a scaling number density of
loops as well as a simplified cosmological background that describes the evolution of the
Universe deep in the radiation era. The combination of these two facts allows us to find an
expression (following Method I) for the spectrum of the form
Ωplateaugw (ln f)I =
64piG2µ2Ωrad
3
( ∞∑
n=1
Pn
)(∫
dx nr(x)
)
. (5.1)
This shows that indeed the SGWB is flat in this regime, but also that it only depends on
two properties of the network of strings: the averaged total power emitted by a loop, and
the total number of loops. Applying this to Model II, we find
Ωplateaugw (ln f)I ≈ 8.04Ωrad
√
Gµ
Γ
. (5.2)
This is a relevant result as it tells us that the value of the high-frequency plateau only
depends on Gµ and the total Γ. In particular, it does not depend on the exact form of
– 22 –
10-9 10-6 10-3 1 103 106
10-15
10-13
10-11
10-9
10-7
frequency (Hz)
h
2
Ω g
w
Pn ∝ n-43 using Model III
Figure 2. Idem as figure 1, but with Pn ∝ n−4/3 and using the loop number density from Model
III [128].
the loop’s power spectrum, nor on if the GW emission is dominated by cusps or kinks, but
rather depends only on the total radiation emitted by the loops.
Similarly, we can perform the same kind of computation using Method II. Starting with
eq. (4.11), and taking the cosmological background to be in the radiation era, we find 13
a good agreement for the plateau with the expression found in eq. (5.2). This is expected,
given that the plateau only depends on quantities that must be identical in both methods.
However, given the different nature of the calculations performed in both methods, this is
a good consistency check.
5.2 Radiation-to-matter transition
Numerical simulations studying the strings scaling have typically been performed in fixed
backgrounds: pure radiation domination and pure matter domination [54, 82, 101, 128].
The usual simplified approach would be to just switch between the two loop distributions
at radiation–matter equality; however, in reality we expect the network to smoothly evolve
between the two regimes. In fact, the string network evolves rather slowly and, as pointed
out in [100], does not reach scaling regime with matter background up until the current
accelerated expansion starts. This may have a significant impact on the number density of
loops in the matter era.
13Note that in order to make this comparison, one should express the result in terms of the total power
emitted Γ. We give in appendix A the calculation of Γ in terms of the parameters Nq, g1, g2.
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Figure 3. Examples of spectra for several values of Gµ and α = 10−1 using both the full VOS solu-
tion (with VOS superscript) and assuming the network is always in scaling through eqs. (3.16,3.17)
(with scaling superscript). The gray area indicates LISA sensitivity.
We can study the impact of more careful modelling of the transition using the analyt-
ical model discussed in section 3.1. In figure 3 we compare results coming from the full
evolution of the loop density, eq. (3.5), with the simplified spectrum obtained performing
an instantaneous switch between the scaling results in matter domination (eq. (3.17)), and
radiation domination (eq. (3.16)). Figure 3 shows examples of spectra for several values
of Gµ and α = 0.1 using both prescriptions. As we can see, the inclusion of a smooth
radiation-to-matter transition only modifies the spectrum significantly at very low frequen-
cies f . 10−10 Hz, outside of the LISA band. The reason is that it is only at these very
low frequencies that the signal is dominated by loops created in the matter era [54].
Even though the peak in the spectrum always appears due to matter domination, for
low Gµ . 10−11 it is only created by redshifting of GWs and the loop density in the matter
background, while the loops dominantly contributing are formed much earlier, deep in the
radiation era. With this we can safely conclude that for large loops α = 0.1 suggested by
recent simulations, the modelling of the radiation-to-matter transition is irrelevant in the
LISA sensitivity window. In section 6.2.1 we discuss how this situation may change if we
assumed smaller loop sizes.
5.3 Variation of the relativistic degrees of freedom
Another feature in the expansion rate of the Universe that would leave a clear signature in
the stochastic GW spectrum of a cosmic string network is a modification in the number of
relativistic degrees of freedom [113]. Whenever the temperature of the plasma forming our
radiation background drops below the mass of a certain particle, that species will annihilate,
injecting energy into the plasma and temporarily reducing its rate of cooling. This effect
is automatically included in our calculation by solving the Friedman equation, eq. (2.6),
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Figure 4. Examples of spectra with Gµ = 10−11 assuming a constant number of degrees of freedom
(black solid line) and standard cosmology with SM particle content (blue dashed line). The gray
area indicates LISA sensitivity.
which includes the impact of changes in the number of degrees of freedom on the expansion
rate through eq. (2.8).
We show the impact of including this variation in figure 4, which shows both the result
obtained using the Standard Model number of degrees of freedom and just a constant value.
As we can see, the modification of number of degrees of freedom produces smooth variations
in the spectrum at the frequency corresponding to the temperature of the modification.
The most prominent of these variations in the spectrum correspond to electron-positron
annihilation at T ≈ 200 keV where the lines first separate, the QCD phase transition at
f ≈ 10−2 Hz (T ≈ 100 GeV), and the electroweak scale at f ∼> 102 Hz. This means LISA
could probe the QCD equation of state and other SM processes through their impact on
the stochastic background from cosmic strings [160].
Crucially, this effect would also potentially allow us to observe extra degrees of freedom
(DOF) from beyond the standard model [54, 103, 161, 162]. Had the number of DOF
increased by a factor of ∆g∗, that would have created another smooth step, changing the
value of the plateau at the corresponding frequency by
Ωgw
ΩSMgw
≈
(
gSM∗
gSM∗ +∆g∗
)1/3
, (5.3)
where gSM∗ and gSM∗S are the number of degrees of freedom and the number of entropy degrees
of freedom, both calculated in the standard model.
We can numerically check that the frequency corresponding to a modification of the
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Figure 5. Examples of spectra with Gµ = 10−11 in standard cosmology (black solid line) and
several spectra in cosmological evolution with ∆g∗ = 100 new degrees of freedom annihilating at at
the range of temperatures of interest for LISA. The gray area indicates LISA sensitivity.
expansion rate occurring at a temperature T∆ is given by [103]
f∆ = (8.67× 10−3 Hz)
(
T∆
GeV
)(
0.1× 50× 10−11
αΓGµ
)1/2(
gSM∗ (T∆)
gSM∗ (T0)
) 8
6
(
gSM∗S (T0)
gSM∗S (T∆)
)− 7
6
.
(5.4)
Using this estimate, we can see that LISA frequency band corresponds to probing tem-
peratures of the order of a few GeV. It is important to point out this could lead to a
significant improvement over the current probes of the expansion rate, which can reach
only to the BBN temperature of a few MeV, which is still 3 orders of magnitude lower
than the potential of a cosmic string signal at LISA. In figure 5, we show examples of a
cosmic string stochastic background in standard cosmology with Gµ = 10−11 and several
modifications with ∆g∗ = 100 new degrees of freedom dropping out of equilibrium at the
range of temperatures of interest for LISA.
5.4 Probing the cosmological equation of state at early times
The reasoning used in the last subsection also clearly applies to more dramatic modifications
of cosmology in which the expansion at early times is dominated by something other than
primordial radiation. A typical example here would be an early period of matter domina-
tion [163] after which the matter decays and the Universe resumes the standard radiation
dominated expansion. Another example, so-called kination [23, 24, 26, 27, 164–167], is a
period of domination of a new constituent of energy that redshifts faster than radiation and
eventually becomes subdominant, avoiding any conflict with late time experiments.
Observation of the plateau of GW spectrum from a cosmic string network would indeed
verify radiation domination up to T∆ from eq. (5.4). If any nonstandard behaviour is
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Figure 6. Examples of spectra with Gµ = 10−11 in standard cosmology (black solid line) and
several spectra in cosmological evolution with a period of early matter domination as well as kination
ending in the range of temperatures of interest for LISA. The black dashed line indicates LISA
sensitivity.
observed, it can be traced back to the underlying modification. Simply expanding eq. (4.4)
at high frequencies, we can check that the impact of modified redshifting in a background
H2 ∝ a−β would simply lead to
Ωgw(f > f∆) ∝
f
8−2β
2−β β ≥ 103 ,
f−1 β < 103 ,
(5.5)
behaviour above T∆. An early period of matter domination corresponds to β = 3. However,
for expansion in the early Universe with any β < 103 , the emission from the string network
is in fact subdominant to the tail of the distribution produced at later times. This leads to
some degeneracy, and in fact if the network simply achieved scaling only at that time after
their production [78], or if scaling was delayed due to the network having been diluted by
inflation [168], it would also amount to the lower case in eq. (5.5). For scenarios with a
new energy constituent redshifting faster than radiation (that is, β > 4), the spectrum rises
after T∆, which generically gives better observational prospects.14 We show examples of the
resulting spectra with the range of T∆ of interest for LISA in various modified cosmologies
in Fig 6.
6 Probing the SGWB from a string network with LISA
The Laser Interferometer Space Antenna (LISA) [56], approved by the European Space
Agency (ESA) in 2017, will be the first GW observatory in space. The final configuration
adopted by the collaboration has been fixed to six links, 2.5 million km–length arms, and
14Note, however, that the current Planck data puts a constraint on the total energy density of gravitational
waves [169]
∫
Ωgw h
2d(ln f) < 3.8 × 10−6. Consequently, any deviations from radiation domination with
β > 4 should have had a limited duration to avoid overproduction of GWs.
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4 years nominal duration, possibly extensible to 10 years. LISA will have the ability to
search for GWs around the currently unexplored milli-Hertz regime.
To characterize the detectability of a SGWB with a spectrum described by a single
power law (fully characterized by an amplitude and slope), ref. [170] introduced a very
useful concept: the power law sensitivity curve (PLS) of a detector. This is a method
that exploits the fact that the sensitivity of a detector increases when integrating a SGWB
signal over frequency, in addition to integrating over time. The PLS curve is a spectral
representation that graphically quantifies, for a given signal-to-noise ratio, the ability of a
detector to measure a SGWB with a power law (PL) spectrum. Searches by current GW
experiments (by LIGO/VIRGO and PTAs) on power spectra of the form Ωgw(f) = Afn
have not succeeded in a detection, and hence they only provide upper bounds on the
amplitude A for different fixed values of the spectral index n [83, 171, 172].
Recently, the LISA collaboration has presented a new technique for a systematic re-
construction of a SGWB signal without assuming a power-law spectrum [173]. The idea is
to first separate the entire LISA band into smaller frequency bins, and then to reconstruct
a given arbitrary signal within each bin, where it can be well-approximated in terms of a
power law. The method can reconstruct, in this way, signals with arbitrary spectral shapes,
taking into due account instrumental noise at each frequency bin. Such analysis would be
particularly appropriate for our case, as the spectral shape of the SGWB from cosmic string
loops is not a simple plateau (and hence not a simple power law) for the lowest Gµ values
that LISA can probe. Furthermore, the spectrum can also exhibit scale-dependent features
within the LISA frequency band, such as whenever there are changes in the number of
relativistic degrees of freedom and/or the early Universe equation-of-state.
As this multi-band analysis technique has only very recently become available (∼ 1− 2
weeks before the completion of this draft), in the present paper we will simply continue using
as a criterion for detection that the spectrum of the SGWB from the string loops must be
equal or above the PLS curve. We will use the LISA PLS as introduced by ref. [170], but
using the most updated LISA sensitivity curves based on the final configuration of LISA
and new knowledge on its noise (see ref. [174] for all relevant LISA documents up to date,
and in particular ref. [175] for a direct download of the Science Requirements Document).
The details of the updated LISA PLS curve used in this work can be found in Ref. [173].
Whenever we claim detection of a given spectrum of the SGWB from cosmic string loops,
if the spectrum is a power-law within the LISA sensitivity band, this can be interpreted
as a detection of a SGWB after 3 years of collecting data (which corresponds to 4 years of
LISA operation), with a signal-to-noise (S/N) ratio ≥ 10. If the shape is more complicated
than a simple power law, a more elaborated analysis following ref. [173] is required to assess
the S/N for a given detection, see also [176]. In the present work, we simply quantify the
parameter space compatible with a detection, but do not quantify the S/N associated to
such detection, neither we reconstruct such parameter space with appropriate statistical
techniques. We leave these aspects for future work.
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Figure 7. How the SGWB of a loop network (solid blue curves) shifts through the LISA sensitivity
band (dotted black curve) as the string tension varies. We assume Pn ∝ n−4/3 for this figure, but
other spectra exhibit similar behavior.
6.1 Projected constraints on the string tension
The LISA PLS band is well-positioned to set strong constraints on the string tension, due
to how the “bump” in the SGWB shifts as Gµ decreases. This effect can be seen in 7, where
we show how the SGWB curve for a network, assuming Pn ∝ n−4/3, shifts through the
LISA band for varying tension.
This shows us that it is the trailing edge of the SGWB bump which will be the last
part of that curve to pass through the LISA sensitivity band. By varying the string tension,
it is possible to find the lowest Gµ for which this intersection still takes place. While the
exact bound depends on our choice of model and Pn, in the regime LISA will probe, all
three models predict a string tension bound of O(10−17). This is shown in figure 8. We
chose Pn ∝ n−4/3 for purposes of comparison, as this is the chromatic index of pure cusps,
which are expected to dominate at high frequencies. Other choices include Pn ∝ n−5/3 (for
kinks), Pn ∝ n−2 (for kink-kink collisions), or an averaged spectrum of loops taken from
simulation (cf. figure 1). However, these changes have at most O(1) effects on the bounds
set by LISA.
By comparing eq. (3.16) to eq. (3.18), we see that with our choice of α and Ar, these
two expressions converge when α  ΓGµ. As this is the case here, the curves for Model I
and Model II in figure 8 are effectively identical.
While we are primarily concerned with setting bounds on string tension, it is worth
noting here that for string tensions larger than the lower bounds, particularly those of an
order of magnitude or more larger, LISA will probe the high-frequency side of the SGWB
bump. The particular shape of this region depends on how the degrees of freedom change
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Figure 8. A comparison of the LISA sensitivity curve to the SGWB predicted by all three models
using Gµ = 10−17, Pn ∝ n−4/3. Models I and II are effectively identical in this regime, due to
α  ΓGµ. We therefore see that we expect that LISA could only constrain string tensions higher
than Gµ ≈ 10−17.
across the Universe’s history. This is additionally important because while the three models
all predict roughly equal bounds for the LISA window at this particular tension, Models
I and II disagree with Model III at high frequencies. E.g., when Gµ = 10−17, the plateau
for Models I and II happens at h2Ωgw ≈ 6.04 × 10−14, while Model III’s plateau is at
h2Ωgw ≈ 9.98 × 10−9. Thus, if strings with a tension much greater than O(10−17) exist,
these discrepant regions will pass through the LISA band.
6.2 Agnostic approach to loop size and intercommutation probability
In previous sections, we discussed the results obtained from the largest and more recent
Nambu-Goto simulations. In this section, we take a different approach: an “agnostic”
approach that extends our analysis further by studying the capability of LISA to probe
scenarios characterized by different loop sizes α parametrically using Model I. This not only
allows us to fully characterize the parameter space available for exploration with LISA, but
also to understand LISA’s ability to detect string models that deviate from the standard
Nambu-Goto scenario. Throughout this section, we will take the normalizing parameter
introduced in section 3.1, F = 1 and fr =
√
2.
6.2.1 Loop size
Although the typical shape of the SGWB generated by cosmic string networks is roughly
independent of α, the amplitude of the radiation-era plateau and the height, broadness
and location of the peak of the spectrum are determined by the size of the loops that
are created (as well as by cosmic string tension). In reality, the amplitude of the spectra
generally decreases with decreasing α and, therefore, one would expect LISA to be less
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sensitive in general to scenarios in which loops are created with a smaller size. In fact,
one finds, using eq. (2.1), eq. (2.3) and eq. (3.16), that the amplitude of the radiation era
plateau is given by
Ωplateaugw h
2 =
128
9
piArΩrad h
2Gµ

[
(+ 1)3/2 − 1
]
' 1.02×10−2Gµ

[
(+ 1)3/2 − 1
]
, (6.1)
where  = α/(ΓGµ).
To analyze the capability of LISA to probe scenarios with different loop sizes, we
consider two different regimes. Let us first consider the case in which the physical length of
loops is, at the time of production, significantly larger than the gravitational backreaction
scale, with   1 (which we shall refer to as large loops, for simplicity). In this case
(particularly in the frequency range probed by LISA) the dominant contribution to the
SGWB comes, in general, from loops created in the radiation era. As a result, we have
roughly Ωgw ∝ α1/2 for α  ΓGµ and fixed Gµ (as eq. (3.16) shows). Indeed, we see by
using eq. (6.1), that for  1 the amplitude of the radiation era plateau15 is given by
Ωplateaugw h
2 ' 1.02× 10−2
√
Gµα
Γ
. (6.2)
This effect is seen in figure 9, where the SGWB spectra generated by cosmic string
networks with Gµ = 10−10 and different values of α are plotted. Note however that one
does not have a mere overall decrease of the amplitude of the spectrum as α decreases.
As this figure illustrates, the broadness of the peak of the spectra also decreases as a
result of the decrease of the size of loops, since for smaller α loops survive (and emit
gravitational waves) for a shorter period of time. We also note that although the relation
in eq. (6.2) is exact for the radiation-era plateau while α ΓGµ, the decrease in the height
of the peak starts to slow down as we decrease α. This happens due to the fact that,
as α decreases and the lifetime of loops is shortened, the number of loops created in the
radiation era that decay during the matter era also diminishes. Thus, for sufficiently small
α, the dominant contribution to the peak of the spectrum are loops produced in the matter
era (during which n(l, t) is roughly independent of α for α  ΓGµ, as eq. (3.17) shows).
As a result, the relative height of the peak of the spectrum in relation to the radiation-
era flat region increases as loop size decreases. This also means that, as α is lowered,
the effect of the radiation-to-matter transition on the shape and amplitude of the spectra
becomes increasingly relevant. As a matter of fact, assuming that cosmic string networks
remain in a linear scaling regime after the onset of the radiation-matter transition leads to
a significant underestimation of the size and number density of loops produced during the
matter era [100]. On the other hand, as we have seen in section 5.2, for α = 10−1 the effect
of this assumption of linear scaling is only observed at frequencies that are outside of the
LISA sensitivity window. As we consider smaller loops the effect of the radiation-to-matter
transition becomes relevant for the LISA mission. For this reason, we take this effect into
consideration in this agnostic forecast of the LISA projected constraints.
15Note that this has the same dependence on Γ and Gµ as eq. (5.2) and, by setting α = 0.1 and F = 0.1,
one approximately recovers the result therein.
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Figure 9. The stochastic gravitational wave background generated by cosmic string networks with
Gµ = 10−10 and different values of the loop-size parameter α. The shaded area represents the LISA
sensitivity window. In these plots, we consider only the fundamental mode of emission and we did
not include the change in the effective number of degrees of freedom.
Another effect that we have to take into consideration when analyzing the sensitivity
of LISA to scenarios with different loop sizes is the change of the location of the peak of
the spectrum with the variation of Gµ. The peak frequency scales approximately as [95]16
fpeak ∼ 1
α
(
2 +
α
ΓGµ
)10/9
, (6.3)
which gives
fpeak ∝ α1/9 (ΓGµ)−10/9 (6.4)
in the large loop regime. For fixed Gµ, the dependence on α is weak and the peak appears
at approximately the same frequency as shown in figure 9 (wherein one can also see that
the slight shift towards higher frequencies predicted in eq. (6.3) is present). However, the
frequency in which the peak appears depends more strongly on cosmic string tension and,
as a result, the peak of the spectrum, which has a significantly higher amplitude, is expected
to shift towards higher frequencies — and into the LISA window — as Gµ is lowered. This
effect may be seen in figure 10, where we plot the SGWB spectra generated by cosmic string
networks with two different values of loop-size parameter α for different values of Gµ.
In the small loop regime — in which the physical length of loops is significantly smaller
than the gravitational backreaction scale, with α  ΓGµ — the shape of the SGWB
spectrum is not affected by varying α or Gµ. As matter of fact, in this regime, loops
survive significantly less than a Hubble time and may, therefore, be regarded as decaying
effectively immediately (on cosmological timescales) once they are formed [102]. Thus, a
16Although this relation was fitted using a framework based on the one-scale model (in which cosmic
strings are assumed to be in the linear scaling regime throughout their evolution), we have verified that it
still provides a reasonably good approximation, with only small deviations, within the framework we use
here.
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Figure 10. The stochastic gravitational wave background generated by cosmic string networks
with α = 10−1 (solid lines) and α = 10−5 (dash-dotted lines) for different values of Gµ. The shaded
area represents the LISA sensitivity window. In these plots, we consider only the fundamental mode
of emission and we did not include the change in the effective number of degrees of freedom.
decrease in the size of loops in this regime merely results in a linear shift of the spectrum
towards higher frequencies, without any impact on its overall shape. For the same reason,
decreasing the value of cosmic string tension merely causes a decrease of the amplitude of
the spectrum: Ωgw ∝ Gµ, for fixed α. In fact, using eq. (6.1), one finds that for  1 the
amplitude of the radiation era plateau is, in this case,
Ωplateaugw h
2 =
64
3
piArh
2ΩradGµ ' 1.52× 10−2Gµ . (6.5)
This does not depend on the size of loops α and on Γ and it may, therefore, be regarded
as the “minimal” amplitude of the radiation era plateau for fixed Gµ. This is illustrated in
figure 11, where the spectra generated by small cosmic string loops is plotted for different
values of α and Gµ.
The combination of all these different effects makes it non-trivial to extend the forecasts
computed for a single value of α to significantly different loop sizes. For instance, as figure 10
shows, LISA may probe cosmic string networks with α = 10−1 up to tensions just above
Gµ = 10−18. In the case of networks with α = 10−5, however, the maximum tension that
LISA will be able to detect is below Gµ = 10−16, which is significantly lower than one would
naïvely expect from eq. (6.2). Moreover, figure 11 demonstrates that there is a range of α
in the small loop regime for which the peak of the spectrum — which is quite prominent in
this regime — coincides with the LISA window (for some values of Gµ) and, therefore, such
scenarios may be more strongly constrained with LISA than other scenarios in which α is
larger. To take these effects into account, we have performed a numerical computation of
the (α,Gµ) parameter space available for exploration with LISA. The results are plotted in
figure 12, and they show us the capability of LISA to probe different cosmic string scenarios
characterized by the production of loops with different sizes. Here, we follow the approach
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Figure 11. The stochastic gravitational wave background generated by cosmic string networks with
Gµ = 10−10 (solid lines) and Gµ = 10−12 (dash-dotted lines) for different values of the loop-size
parameter α in the small-loop regime. The shaded area represents the LISA sensitivity window. In
these plots, we consider only the fundamental mode of emission and we did not include the change
in the effective number of degrees of freedom.
introduced in ref. [95] and present constraints for n∗ = 1 (dashed line) and n∗ = 105 (dash-
dotted line), where n∗ represents the maximum mode of emission included in the simple
gravitational wave power spectrum from loops with q = 4/3. These curves represent the
lowest possible values of the string tension that LISA will be able to probe for each value
of α, in these two scenarios.
To analyze these results, let us start by considering the small-loop regime. LISA cannot
probe the SGWB generated by cosmic string loops to arbitrarily small α. This is a mere
consequence of the fact that LISA shall only probe a finite frequency window and of the
fact that, as we have seen, lowering α in the small-loop regime moves the spectrum towards
higher frequencies. As a matter of fact, the minimum frequency emitted by a cosmic string
network is that of loops created at the present time, fmin ∼ 2/(αt0), and therefore the
minimum loop-size parameter that can be probed with LISA is given by
αmin = 6.8× 10−18 , (6.6)
independently of Gµ. As a result, scenarios in which the networks produce tiny loops will
be beyond the reach of LISA.17 In any case, this shows us that, in principle, LISA shall
be able to probe cosmic string scenarios spanning about 17 orders of magnitude in loop
size.18 In the small-loop regime, the amplitude of the peak of the spectrum — located at
17These scenarios are not particularly well physically motivated, since one generally expects smoothing to
occur on scales smaller than the gravitational backreaction scale. Nevertheless, several works have reported
the existence of such tiny loops [136, 177].
18Note however that, for tensions compatible with current CMB bounds, the SGWB spectrum “leaves”
the LISA window for larger values of α, around α ∼ 10−16 (cf. figure 12).
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Figure 12. Projected constraints on Gµ of the LISA mission for cosmic string scenarios charac-
terized by different loop-size parameter α for n∗ = 1 (dashed line) and n∗ = 105, with q = 4/3
(dash-dotted line). The shaded area corresponds to the region of the (α,Gµ) parameter space that
will be fully available for exploration with LISA. The dotted line corresponds to scenarios for which
α = ΓGµ, so that the region above this line corresponds to cosmic string models in which loops are
small, while the region bellow corresponds to the large loop regime.
fpeak = 2× 10−17/α (Hz) — is given by [102]19
Ωpeakh
2 ' 60Ωplateaugw h2 ' 9.1× 10−1Gµ . (6.7)
One then finds that LISA will not be able to probe small-loop models for Gµ < 1.3×10−13.
This is, thus, the most stringent bound that LISA may put on the cosmic string tension
in scenarios in which loops are created with small size. This value corresponds to the case
in which α ∼ 10−15 and n∗ = 1, as figure 12 shows, for which the peak of the spectrum
coincides with the maximum sensitivity of the LISA window (cf. figure 11).
In the large-loop regime, as we have seen, the amplitude of the spectra is highly depend-
ent on the size of loops and, for this reason, so is the strength of the constraints that LISA
may put on cosmic string tension. The amplitude of the radiation era plateau of spectrum
for small loops in eq. (6.5) may be regarded as the “minimal” amplitude of this plateau.
Thus one may use it to derive the value of cosmic string tension above which all cosmic
string scenarios in which loop production is significant (with α > 10−16) are excluded:
Gµ < 8.0× 10−12 . (6.8)
This provides us with the safest (yet most conservative) model-independent LISA bound
on cosmic string tension, which corresponds to the value of the plateau observed at the
mid-α range in figure 12. Note however that LISA shall be able to establish significantly
19Here, we have included the effect of the redshifting of the peculiar velocities of loops that was not taken
into account in the analytical approximation for the SGWB spectrum generated by small loops in ref. [102].
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more stringent constraints for the largest possible α. Indeed, LISA may go seven orders of
magnitude beyond the bound in eq. (6.8) for α = 10−1:
Gµ(α = 10−1) < 3.4× 10−18 . (6.9)
As we have seen in section 6.1, this corresponds approximately to the case of Nambu-Goto
strings, apart from a factor of ∼ 0.1 (since in that case only about 10% of the energy lost
by the network goes into gravitational radiation). Apart from this factor, these results are
in agreement with those presented in section 6.1.
6.2.2 Intercommutation probability
In this paper, we have assumed that the intercommutation probability P is equal to 1.
In effect, this amounts to stating that when two strings collide, they exchange partners
every time. Indeed, in the Abelian-Higgs model (in the BPS and “type II” regime), the
collision of two straight strings with velocities ±v and relative orientation given by an
angle θ essentially always (that is, in nearly all of the (θ, v) parameter space) leads to the
strings exchanging partners during the collision (see ref. [178, 179]). Setting P = 1 is then
equivalent to this statement. For other field theory strings, such as Abelian-Higgs strings
in the type I regime, the collision may lead to other outcomes, such as the formation of a
junction [180, 181]. We do not consider these more complicated cases here.
Recent development in String Theory suggest that fundamental strings (or F-strings)
and 1-dimensional Dirichlet branes (or D-strings) may be stretched to macroscopic sizes
and play the cosmological role of cosmic superstrings. The copious production of these
cosmic superstrings is, in fact, predicted to occur at the end of several brane-inflationary
scenarios (see, e.g., refs. [61, 182, 183]).
Cosmic superstrings may have a intercommutation probability P significantly smaller
than unity, as a result of their quantum nature: in fact it has been shown [184] that
10−3 . P . 1 in collisions between F-strings and 10−1 . P . 1 for D-string collisions.
When a FF- or DD-string collision occurs, the strings may then — unlike ordinary strings
— pass through each other without intercommutation. For this reason, cosmic superstring
networks are expected to lose energy less efficiently. Their energy density, and consequently
the amplitude of the SGWB they generate, may therefore be expected to be larger than
that of ordinary strings. Hence the constraints derived on Gµ in this paper are conservative:
with P < 1, the bounds on Gµ will be tighter (see, e.g., ref. [86] for a discussion of this
effect at LIGO frequencies). In general, one expects the loop-chopping parameter of these
networks to be such that
c˜(P) = c˜(1)Pγ , (6.10)
where c˜(1) = c˜ = 0.23 is the loop-chopping parameter of ordinary strings (which have
P = 1). Although one may naïvely expect, within the one-scale framework, γ = 1 [183],
numerical simulations indicate that this effect is less dramatic due to an accumulation of
small-scale structure on cosmic strings with reduced intercommutation probability. It has
been observed that γ = 1/2 in Nambu-Goto simulations in Minkowski space [185] and
γ = 1/3 in both radiation- and matter-era simulations [186]. Since the exact value of γ is
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Conservative Stringent
P γ = 1/2 γ = 1/3 γ = 1/2 γ = 1/3
10−1 8.0× 10−13 1.7× 10−12 3.4× 10−19 5.6× 10−19
10−2 8.0× 10−14 3.7× 10−13 2.9× 10−20 1.2× 10−19
10−3 8.0× 10−15 8.0× 10−14 8.5× 10−21 2.9× 10−20
Table 1. Projected constraints of the LISA mission for cosmic string scenarios with reduced
intercommutation probability P. Here, “Conservative” refer to the safe (α-independent) bounds
obtained using the minimal amplitude of the radiation-era plateau, while the constraints labeled as
“Stringent” correspond to those of scenarios with the largest possible α.
still a matter for debate, here we restrict ourselves to a (mostly) qualitative discussion of
the effects of P.
Weakly interacting networks, with c˜  1, scale in the radiation era according to ξ =√
2c˜ and v¯2 ≈ 1/2 [187]. Therefore, one may, in general, expect the amplitude of the
radiation era plateau of the SGWB to scale as [188]
Ωplateaugw ∝ c˜−2 ∝ P−2γ . (6.11)
Note however that, in this case, the length of the loops created is not known. There is
some evidence that the reduction of the intercommuting probability is more efficient in
suppressing the production of large loops than of small loops [186], which seems to indicate
that smaller α (∼ ΓGµ) may be favoured for these networks. However, the precise number
density of loops has not been determined using numerical simulations yet. Nevertheless, one
may obtain, using eqs. (6.8,6.11), a conservative α-independent constraint on the cosmic
string tension of networks with P  1. This bound — corresponding to the lowest Gµ for
which the SGWB is within the reach of LISA for all values of α — is presented in Table 1
for P = 10−1, 10−2, 10−3.
Naturally, as with ordinary strings, LISA will impose tighter constraints for scenarios
in which α is large. The most stringent constraint on Gµ will necessarily be those of
scenarios characterized by the largest possible α, with αmax ∼ 0.3Pγ (corresponding to the
characteristic length of the network which may, in this case, be significantly smaller than
the horizon). These constraints are also recorded in Table 1 for the same values of P. These
two constraints are then indicative of the ability of LISA to detect cosmic string scenarios
with a reduced intercommutation probability.
However, we note that there are relevant aspects of cosmic superstring dynamics that
were not taken into account when deriving these constraints. In particular, when super-
strings of different types collide, they are expected to bind together to create a third type
of string, which has a higher tension than its two constituents. This is expected to lead
to networks with junctions and a hierarchy of tensions [61]. The creation of junctions is
expected to have an impact on the large scale dynamics of cosmic string networks [189–
196] and therefore to affect the shape and amplitude of the SGWB generated by cosmic
superstrings [188, 197]. Moreover, there are several other important aspects regarding the
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gravitational wave emission by cosmic superstrings that need to be clarified — most notably
the number and strength of the cusps [198] as well as the possible coupling of superstrings
to other fields — before a detailed study of the parameter space available to LISA can be
performed.
6.3 Gravitational wave bispectrum from long strings
The GW signal due to the gravitational decay of loops that we have analyzed in this paper
cannot be resolved beyond its stochastic nature, and it is expected to be Gaussian.20 The
irreducible emission of GWs from a defect network (described in section 3.4) is however ex-
pected to be highly non-Gaussian. This is simply due to the fact that the source of the GWs
is bilinear in the amplitude (modulo derivatives) of the fields of which the cosmic strings are
made. This implies that any correlator of an odd number of tensor perturbations will be
characterized by the correlation of an even product of fields, which is non-vanishing even if
the fields were Gaussian. We therefore expect that any non-Gaussianity in the continuous
stochastic background sourced by a cosmic string network is due to the irreducible GW
emission, even if this signal is sub-dominant in terms of amplitude of power spectra.
The capability of LISA to detect 3-point correlations of SGWBs has been recently
analyzed in detail in ref. [199]. At present, the 3-point GW function of this background can
be estimated analytically only in a simplified case, namely in the large-N limit of a global
phase transition due to the spontaneous symmetry breaking of O(N) into O(N − 1). The
GW background due to the dynamics of such global defects has been estimated in the limit
N  1 (see section4.4 and in particular eq. (4.12)). The 3-point function (in the equilateral
configuration) has been presented in ref. [200]. Order of magnitude calculations in the
large-N limit leads to a GW bispectrum peaked in the equilateral configuration as [200]
k6B(k, k, k) ∼ CNL(k3/2Ph(k))2 with CNL ∼ 3.6√
N
, (6.12)
where Ph is the total power spectrum (summing over the two polarizations) and N  1
is the number of components of the symmetry-breaking field. This is of course a very
rough estimate for global strings, for which N = 2, and we certainly do not know how this
relation is modified in the case of Abelian-Higgs strings. However, eq. (6.12) suggests very
clearly that, in general, that we should expect a large departure from Gaussianity for the
irreducible GW background from any defect network.
Let us note that even though ref. [199] has provided a formalism to characterize a
potential detection by LISA of the bispectrum of a SGWB, refs. [201, 202] have recently
pointed out that propagation effects of GWs across a perturbed universe like ours — from
the generation point to the LISA detector — will suppress the bispectrum to un-observable
levels. This suppression is expected to be present for any non-Gaussian SGWB, as long
20In reality, on top of the continuous stochastic Gaussian background from cosmic strings, there can be
individual bursts emitted by nearby strings or a “popcorn” discontinuous noise [148]; recall the discussion in
section 4.3. These signals due to bursts represent, in a sense, a temporal deviation from Gaussianity, that can
be measured from the two-point function. However, they do not correspond to the type of non-Gaussianity
that we are referring to in this subsection, as they do not form a continuous stochastic background.
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as the signal consists of GWs that have traveled across cosmological scales. If this claim
is finally sustained, it will essentially imply that independently of the level of (intrinsic)
non-Gaussianity of a given SGWB, the 3-point function of GWs will be never measured by
direct detection detectors21.
7 Discussion and conclusion
In this paper we have analyzed the ability of LISA to detect and characterize a SGWB
produced by a network of cosmic strings. Our key finding is that LISA will be able to
probe cosmic string with tensions Gµ & O(10−17), under a "standard" set of assumptions:
namely, that the string dynamics are accurately described by the Nambu-Goto action, that
colliding strings always intercommute, and that the average loop size at formation (in units
of cosmic time t) is α ≈ 0.1. This presents an improvement of ∼ 6 orders of magnitude
over current constraints from pulsar timing arrays (PTA), and potentially in ∼ 3 orders of
magnitude over estimated future constraints from next generation of PTA experiments22.
We have also explored scenarios in which the latter two assumptions are relaxed. Decreasing
the loop size at formation α generically leads to weaker constraints on the string tension.
Decreasing the intercommutation probability P leads to a range of possible constraints, due
to the uncertainty about α in these scenarios; however, for larger values of α, networks with
a small intercommutation probability are very strongly constrained, with LISA being able
to reach tensions as small as Gµ ≈ 10−20.
In addition, we have discussed how a detection of the string SGWB could be used to
probe fundamental physics, such as changes in the number of relativistic degrees of freedom,
or the inclusion of transient epochs prior of radiation domination, characterized by a non-
standard equation of state. Such studies are of particular interest for LISA, because its
detection window is well-positioned to measure the segment of the string SGWB which
contains information about these processes (in the event that Gµ is at least an order of
magnitude above the lower bound). Thus, a detection of cosmic strings is of use and interest
to the cosmology and particle physics communities at large.
Note that in our assessment of detection we have assumed an ideal case in which the
stream data to be measured by LISA is perfectly cleaned from all resolvable sources, glitches,
and any impurities in general. In particular, we assume that the presence of the foreground
of galactic binaries can be subtracted exploiting its yearly modulation [203]. We consider
the only signal on top of LISA’s intrinsic noise to be that of the homogeneous and isotropic
stochastic GW background from the sub-horizon loops of a string network. Future work will
quantify the ability of LISA to reconstruct the spectral shape of the SGWB for the lowest
tensions that can be probed, as well as possible spectral features due to changes in the
number of degrees of freedom. For this we plan to use the recent technique for systematic
reconstruction SGWB signals without assuming any specific spectral template [173].
21Note that measurements of a 3-point function of perturbations in the CMB evade this problem.
22The reason for this is that the spectrum of the SGWB from cosmic strings, shifts towards larger fre-
quencies for small tensions, and hence ’leaves behind’ the frequency window accessible to PTA experiments,
no matter how precise these may become. See figures 1 and 2.
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Finally, we remark that we have not discussed the GW signal from Abelian-Higgs
simulations, nor considered how the dynamics of cosmic superstring networks would alter
LISA’s detection prospects. Most importantly, no simulation to date has included the
real effect of back-reaction on the string network23 (i.e., gravitational self-interaction), and
therefore the best that can be done is to model back-reaction with some ansatz. Our
results are therefore predicated on such ansatzs representing good approximations to how
true back-reaction would affect the SGWB from a string network.
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A Nambu-Goto dynamics
The dynamics of relativistic zero-thickness strings can be obtained from the Nambu-Goto
action (see for example [78] and references therein),
SNG = −µ
∫
d2ξ
√−γ, (A.1)
where µ parametrizes the tension of the string, and the integral describes the area of the
string worldsheet, whose induced metric is given by γ.
– 49 –
The equations of motion from this action can be solved in flat space in the gauge where
the most generic solution can be shown to be of the form
Xµ(σ, t) =
1
2
[
Xµ−(σ−) +X
µ
+(σ+)
]
, (A.2)
where σ and t are spacelike and timelike coordinates, respectively, on the worldsheet, and
we have introduced σ± = t±σ. Furthermore we fix the gauge to X0± = σ±, and the spatial
part of these functions are normalized so that |X′±| = 1.
A.1 Loop dynamics
Using the solutions found earlier, one can describe the evolution of a loop in its rest frame
with the periodic functions X±(σ±) = X±(σ± + l). This implies that∫ l
0
X′±(σ±)dσ± = 0 , (A.3)
where l is the length of the loop. This, together with the unit normalization, means that
the functions X′±(σ±) would trace out a loop on the Kibble-Turok sphere whose center of
mass is at the center of the sphere. These trajectories will therefore generically cross at
points where
X′−(σc−) = X
′
+(σ
c
+) . (A.4)
These special points in the string evolution are called cusps, and it is easy to check that
they represent instants during the string’s periodic motion when the string doubles back
onto itself, dX/dσ = 0, and therefore moves at the speed of light, |dX/dt| = 1. On the
other hand, string intersections can lead to intercommutations, which lead to kinks on both
the previously-existing string and the newly-formed loop. Kinks are discontinuities of either
of X′±(σ±).
The consequences for GW emission of these two type of features are discussed in A.2.
A.2 Gravitational wave power from cusps and kinks
Solving the linearised Einstein equation for a single Nambu-Goto cosmic string loop, one
can write the GW strain in the local wave zone as a mode sum [51]
h¯µν(t,x) ≈ 4Gµl
r
∑
n
exp
[
−4piin
l
(t− r)
]
I
(µ
n,+I
ν)
n,− , (A.5)
where r ≡ |x| is the distance to the source, and l is the invariant loop length. The motion
of the loop worldsheet is parametrized by the functions Xµ±(σ±) and contributes to the GW
signal through the integrals
Iµn,± ≡
1
l
∫ l
0
dσ± exp
[
−2piin
l
Xµ±kµ
]
∂±X
µ
± , (A.6)
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where kµ = (1,x/r) is a null wavevector and ∂± = ∂/∂σ±.24 The n = ±1 frequencies
correspond to the fundamental mode of the loop (set by the period of loop oscillation
T = l/2),
f1 ≈ dH
l
× 10−18 Hz, (A.7)
which for many loops is far below the LISA frequency window of 10−4–10−2 Hz (unless
there were loops of size l many orders of magnitude smaller than the present-day Hubble
length dH). We are therefore typically concerned with much higher frequencies f  f1,
i.e. very high-order harmonics of the loop, |n|  1. In this limit, the integrals in eq. (A.6)
are generically exponentially suppressed for large n, and there is little contribution to the
GW signal at high frequencies.
There are two important exceptions where the integrals in eq. (A.6) are not exponen-
tially suppressed, and have a much weaker power-law decay with frequency: (i) when there
is a saddle point in the phase, kµ∂±X
µ
± = 0; (ii) when the function ∂±X
µ
± is discontinuous.
In order to obtain a GW strain that is not exponentially suppressed, one or the other
of these conditions must hold for both sets of integrals Iµn,+ and I
µ
n,−. This gives rise to
three possibilities [51, 78, 82]:
1. Both sets of integrals have a saddle point in the phase, i.e. there are points Xµ∗±
such that kµ∂±X
µ∗
± = 0. These points are then necessarily the same, X
µ∗
+ = X
µ∗
− .
Physically, we interpret this as an event where part of the loop moves at the speed
of light, forming a sharp, transient feature; this is what we referred to as a cusp
earlier. The cusp emits a GW burst, which is beamed along the spatial direction
corresponding to Xµ∗± , with an opening angle θb = [1/(g2fl)]1/3 ≈ [2/(
√
3n)]1/3.
2. One of the sets of integrals has a saddle point, while the other has a discontinuity in
the integrand, which is interpreted as a discontinuity in the shape of the loop; this
is what we called a kink before. In this case, the power-law scaling for h¯µν occurs
not just centred on a single direction (as for a cusp), but around a one-dimensional,
“fan-like” set of directions. We interpret this as the kink propagating around the
loop, beaming GWs as it does so, with the beam opening angle being given again by
θb = [1/(g2fl)]
1/3 ≈ [2/(√3n)]1/3.
3. Both sets of integrals have a discontinuity at the same point on the worldsheet. This
case corresponds to two kinks, one left-moving and one right-moving, meeting each
other. We call this a kink-kink collision. In this case, there is no saddle point condi-
tion to determine a preferred direction, so the GW emission is isotropic rather than
beamed.
In each of these three cases, one can calculate the asymptotic |n|  1, f  f1 GW
waveform, and take the Fourier transform of this to get the strain spectrum h˜(f). This
24In the calculation of the GW loop power spectrum, we define the analogous function in
a coordinate system whose z axis is in the Ωˆ direction. In this case we can write I±n =
1
l
∫ l
0
dσ± exp
[− 2piin
l
(σ± −Xz(σ±))
]
X′±(σ±).
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gives
h˜c(f, r) = g
c
1
Gµl2/3
rf4/3
, h˜k(f, r) = g
k
1
Gµl1/3
rf5/3
, h˜kk(f, r) = g
kk
1
Gµ
rf2
, (A.8)
for the cusp, kink, and kink-kink collision cases, respectively, taking care to account for the
beaming angle in the cusp and kink cases.
Using these expressions, one can obtain the total power emitted for these events by
performing the following integral:
P =
1
T
∫ ∞
0
df
pif2
2G
∫
S2
d2r r2h˜2i (f, r) . (A.9)
For example, in the case of cusps, one can estimate the power to be
P =
3pi2g21
21/3g
2/3
2
(
Gµ2
)
, (A.10)
so we can say that a typical loop with Nc cusps will have a power of order of
Γ = Nc
3pi2g21
21/3g
2/3
2
. (A.11)
This expression allows us to relate the parameters of the cusp waveform g1 and g2 to the
total power emitted from this loop when the loop is assumed to emit only in the form of
cusps. This relation is important in order to make a consistent calculation of the total
SGWB and compare Methods I and II.
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